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Abstract. The existence of closed hypcrsurfaces of prescribed scalar 
curvature in globally hyperbolic Lorentzian manifolds is proved provided 
there are barriers. 
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0. Introduction 

Consider the problem of finding a closed hypersurface of prescribed cur- 
vature F in a globally hyperbolic (n+l)-dimcnsional Lorentzian manifold N 
having a compact Cauchy hypersurface Sq. To be more precise, let fi be a 
connected open subset of N, / £ C 2,a (£2),F a smooth, symmetric function 
defined in an open cone r C K n , then we look for a space-like hypersurface 
M C Q such that 

(0.1) F ]M = f(x) Vx G M, 
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where F\ M means that F is evaluated at the vector (Ki(x)) the components 
of which are the principal curvatures of M. The prescribed function / should 
satisfy natural structural conditions, e. g. if r is the positive cone and the 
hypersurface M is supposed to be convex, then / should be positive, but no 
further, merely technical, conditions should be imposed. 

In [1, 2, 8, 14] the case F = H, the mean curvature, has been treated, and in 
[15] we solved the problem for curvature functions F of class K* that includes 
the Gaussian curvature, see [15, Section 1] for the definition, but excludes the 
symmetric polynomials Hk for 1 < k < n. Among these, H2, that corresponds 
to the scalar curvature operator, is of special interest. 

However, a solution of equation (0.1) with F = H2 is in general not a hy- 
persurface of prescribed scalar curvature — unless the ambient space has con- 
stant curvature — since the scalar curvature of a hypersurface also depends on 
R a pv a vP . Thus, we have to allow that the right-hand side / also depends on 
time-like vectors and look for hypcrsurfaces M satisfying 

(0.2) F\ M =f{x,v) Vx€M, 

where v = v{x) is the past-directed normal of M in the point x. 

To give a precise statement of the existence result we need a few definitions 
and assumptions. First, we assume that i? is a precompact, connected, open 
subset of N, that is bounded by two achronal, connected, space-like hyper- 
surfaces Mi and M2 of class C 4 '", where Mi is supposed to lie in the past of 
M 2 . 

Let F = H2 be the scalar curvature operator defined on the open cone 
r 2 C R", and / = f(x, v) be of class C 2 a in its arguments such that 

(0.3) < ci < f(x, v) if {u, v) = -1, 

(0.4) <c 2 (l + Ml 2 ), 

and 

(0.5) lll/^MIII <c3(i + H), 

for all x £ fl and all past directed time-like vectors v 6 T x {fi), where ||| • ||| is 
a Riemannian reference metric that will be detailed in Section 2. 

We suppose that the boundary components Mj act as barriers for (F, /). 

Definition 0.1. M2 is an upper barrier for (F, /), if M2 is admissible, i.e. its 
principal curvatures (k^) with respect to the past directed normal belong to 
F2, and if 



(0.6) 



F ]M2 >f(x,v) VxeM 2 . 
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Mi is a lower barrier for (F,f), if at the points S C Mi, where Mi is 
admissible, there holds 

(0.7) F ]s <f(x,u) VxeS. 

S may be empty. 

Remark 0.2. This definition of upper and lower barriers for a pair (F, /) also 
makes sense for other curvature functions F defined in an open convex cone 
r, with a corresponding meaning of the notion admissable. 

Now, we can state the main theorem. 

Theorem 0.3. Let Mi be a lower and M2 an upper barrier for {F,f), where 
F = H-2- Then, the problem 

(0-8) F w =f{x,u) 

has an admissible solution M C fi of class C 4 ' Q that can be written as a graph 
over 1S0 provided there exists a strictly convex function x £ C 2 (f2). 

Remark 0.4. As we have shown in [15, Lemma 2.7] the existence of a strictly 
convex function \ is guaranteed by the assumption that the level hypersurfaccs 
{.t° = const} are strictly convex in i?, where (x a ) is a Gaussian coordinate 
system associated with So. 

Looking at Robertson- Walker space-times it seems that the assumption of 
the existence of a strictly convex function in the neighbourhood of a given 
compact set is not too restrictive: in Minkowski space e.g. x — —\x°\ 2 + \x\ 2 is 
a globally defined strictly convex function. The only obstruction we are aware 
of is the existence of a compact maximal slice. In the neighbourhood of such 
a slice a strictly convex function cannot exist. 

The existence result of our main theorem would also be valid in Riemannian 
manifolds if one could prove C 1 - estimates. For the C 2 - estimates the nature 
of the ambient space is irrelevant though the proofs arc slightly different. 

For prescribed curvature problems it seems more natural to assume that the 
right-hand side / depends on (x,v), and we shall prove in a subsequent paper 
existence results for curvature functions F £ {K*), where the ambient space 
can be Riemannian or Lorentzian, cf. [16]. 

The paper is organized as follows: In Section 1 we take a closer look at 
curvature functions and define the concept of elliptic regularization for these 
functions, and analyze some of its properties. 
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In Section 2 we introduce the notations and common definitions we rely 
on, and state the equations of Gaufi, Codazzi, and Weingarten for space-like 
hypersurfaces. 

In Section 3 we look at the curvature flow associated with our problem, and 
the corresponding evolution equations for the basic geometrical quantities of 
the flow hypersurfaces. 

In Section 4 we prove lower order estimates for the evolution problem, while 
a priori estimates in the C 2 -norm are derived in Section 5. 

In Section 6, we demonstrate that the evolutionary solution converges to 
a stationary approximation of our problem, i.e. to a solution for a curvature 
problem, where F is replaced by its elliptic regularization F t . 

The uniform C 1 - estimates for the stationary approximations are derived 
in Sections 7 and 8, the C 2 - estimates are given in Section 9, while the final 
existence result is contained in Section 10. 



1. Curvature functions 



Let r C W 1 be an open cone containing the positive cone r + , and F 6 
C 2 ' a (r) n C°(r) a positive symmetric function satisfying the condition 

dF 

then, F can also be viewed as a function defined on the space of symmetric 
matrices C, the eigenvalues of which belong to r, namely, let (hij) £ C with 
eigenvalues «j, 1 < i < n, then define F on 6 by 

(1.2) FQm) = F(Ki). 
If we define 

dF 

(1.3) F» 



and 

Ft 2 F 

(1.4) pioM - 



dh^ dhu 

dF , 
dn 

in an appropriate coordinate system, 

(1.6) F tJ is diagonal if hij is diagonal, 



then, 

dF 

(1.5) F v Zitj = ir-\?\ 2 V£e 

UKi 
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and 

(1.7) F^ l W = ^-mifhi + E ( ^ )2 ' 

i¥=3 

for any (r]ij) € S, where § is the space of all symmetric matrices. The second 
term on the right-hand side of (1.7) is non-positive if F is concave, and non- 
negative if F is convex, and has to be interpreted as a limit if k; = Kj . 

The preceding considerations are also applicable if the Ki are the principal 
curvatures of a space-like hypcrsurface M with metric (gij). F can then be 
looked at as being defined on the space of all symmetric tensors (hij) the eigen- 
values of which belong to r. Such tensors will be called admissible; when the 
second fundamental form of M is admissible, then, we also call M admissible. 



For an admissible tensor (hij) 



dF 

(L8) = dk7j 

is a contravariant tensor of second order. Sometimes it will be convenient to 
circumvent the dependence on the metric by considering F to depend on the 
mixed tensor 



(1.9) h) = g ik h k j. 

Then, 

dF 

< L10 » - m, 

is also a mixed tensor with contravariant index j and covariant index i. 

Such functions F are called curvature functions. Important examples are 
the symmetric polynomials of order k, Hk, 1 < k < n, 



(1.11) H k ( Ki )= J2 



il<---<ik 

They are defined on an open cone r k that can be characterized as the 
connected component of {Hk > 0} that contains F + . 

Since we have in mind that the m are the principal curvatures of a hyper- 
surface, we use the standard symbols H and \A\ for 



(1.12) 



i 
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and 

(1.13) w a = 2> a . 

i 

The scalar curvature function F = Hi can then be expressed as 

(1.14) F= l {H 2 -\A\ 2 ), 
and we deduce that for (Kj) G i~2 

(1.15) \A\ 2 <H 2 , 

(1.16) Fi = H-Ki, 
and hence, 

(1.17) #F > F, 
for (1.17) is equivalent to 

(1.18) Hn. l < l -H 2 + \\A\ 2 , 

which is obviously valid. 

In important ingredient in our existence proof will be the method of elliptic 
regularization 

Lemma 1.1. For each e > 0, consider the linear isomorphism tp e in W given 
by 

(1.19) (ki) = ip e (Ki) = (Ki + eH). 

Let F S C 2 (r) H C (r) be a curvature function such that 

(1.20) F, or =0. 

Then, r e = ip^ 1 ^) is an open cone and F e = F o ip e g C 2 (F e ) n C°(r e ) a 
curvature function satisfying 

(1.21) F £ | 3rc = 0. 
Assume furthermore, that 



(1.22) 



H > in r. 
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Then, 

(1.23) r c r e , 

and 

(1.24) H > in T e . 

Proof. We only prove the assertions (1-23) and (1.24) since the other assertions 
are obvious. Let (k^) £f be fixed. Then, 

(1.25) < F(Ki) < F( Ki + eH), 
because F is monotone, and we deduce 

(1.26) {Ki + eH)er Ve>0, 

in view of (1-22) and the monotonicity of F, cf. (1.1). 
To prove (1.24), we observe that 

(1.27) J2hi = (l + en)J2 K i- 

i i 

q.e.d. 



Remark 1.2. (i) Let F be as in Lemma 1.1 and assume moreover, that F is 
homogeneous of degree 1, and concave, then, 

(1.28) F{Ki) < -F(1,...,1)H V(Ki)er, 

n 

and we conclude that condition (1.22) is satisfied. 

(ii) Let F be as in Lemma 1.1, but suppose that F is homogeneous of degree 
d > and F^o concave, then, the relation (1.22) is also valid. 



Proof. The inequality (1-28) follows easily from the concavity and homogeneity 
F(Ki) < F(l, . . . , 1) + ^ Fi(l, . . . , l)(Ki - 1) 

(1.29) 

= -F(l,...,l)H, 
n 

since Fi(l, . . . , 1) = -^(1, . . . , 1), while the other assertions are obvious, q.c.d. 
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For better reference, we use a tensor setting in the next lemma, i.e. the 
6 r are the eigenvalues of an admissible tensor (hij) with respect to a 
Riemannian metric (<?y ) . In this setting the elliptic rcgularization of F is given 
by 

(1.30) Fihj) =F(hij+eHgij). 



Lemma 1.3. Let F be the elliptic regularization of a curvature junction F of 
class C 2 , then, 

(1.31) /'" /'" • eF rs g rs g ij , 

and 



(1.32) 



pij,kl _ pijM _j_ e F i -'' ab g a bg kl 

_i , T7Tr.s,A;Z ij i 2 T7<rs,ab ij 'kl 

If F is concave, then, F is also concave. 



Proof. The relations (1-31) and (1-32) are straight-forward calculations. 
To prove the concavity of F, let (r]ij) be a symmetric tensor, then, 

I'- '"'■'•!, j i,h = F^ M i ll]m + 2eF^' rs VlJ g rs g kl m 

(1.33) 

+ e 2 F rs ' ab g rs g ab (g^r, l3 ) 2 <0. 

q.e.d. 



2. Notations and preliminary results 



The main objective of this section is to state the equations of Gaufi, Co- 
dazzi, and Weingarten for space-like hypersurfaces M in a (n+l)-dimensional 
Lorentzian space N. Geometric quantities in N will be denoted by (cjap), (Ra/3-yd), 
etc., and those in M by (gij), (Rijki), etc. Greek indices range from to n 
and Latin from 1 to n; the summation convention is always used. Generic co- 
ordinate systems in N resp. M will be denoted by (x a ) resp. (£*). Covariant 
differentiation will simply be indicated by indices, only in case of possible am- 
biguity they will be preceded by a semicolon, i.e. for a function u in N, (u a ) 
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will be the gradient and (u a p) the Hessian, but e.g., the covariant derivative 
of the curvature tensor will be abbreviated by Rap-yS-.t- We also point out that 

(2.1) Ra(3i5;i = Ra0^S;eXi 

with obvious generalizations to other quantities. 

Let M be a space-like hypcrsurface, i.e. the induced metric is Ricmannian, 
with a differentiable normal v that is time-like. 

In local coordinates, (x Q ) and (£*), the geometric quantities of the space- like 
hypcrsurface M are connected through the following equations 

(2.2) x% = h l3 v a 

the so-called Gaufi formula. Here, and also in the sequel, a covariant derivative 
is always a full tensor, i.e. 

(2.3) xfj = x®j — r i 'jx k + T"^ 1 x i xj. 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form (hij) is taken with 
respect to v. 

The second equation is the Weingarten equation 

(2-4) v? = h\xt, 

where we remember that vf is a full tensor. 
Finally, we have the Codazzi equation 

(2.5) hij-.k ~ hik;j = RafSfS^X^x'Jx^. 

and the Gaufi equation 

(2.6) Rijki = -{hikhji - huhjk} + Ra^sx^x^xlxf. 

Now, let us assume that TV is a globally hyperbolic Lorentzian manifold with 
a compact Cauchy surface. -/V is then a topological product R x So , where Sq is a 
compact Ricmannian manifold, and there exists a Gaussian coordinate system 
(x a ), such that x° represents the time, the (a; l )i<;<„ are local coordinates for 
So, where we may assume that Sq is equal to the level hypcrsurface {x° - 0} — 
we don't distinguish between So and {0} x So — , and such that the Lorentzian 
metric takes the form 

(2.7) ds 2 N = e 2lp {-dx° 2 + a ll {x°,x)dx l dx 3 }, 
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where Oij is a Riemannian metric, ip a function on TV, and x an abbreviation 
for the space-like components (x z ), see [17], [19, p. 212], [18, p. 252]. and 
[8, Section 6]. We also assume that the coordinate system is future oriented, 
i.e. the time coordinate x° increases on future directed curves. Hence, the 
contravariant time-like vector(£ Q ) = (1,0,..., 0) is future directed as is its 
covariant version = e 2 ^( — 1, 0, . . . , 0). 

Let M = graph M| Sq be a space-like hypersurface 

(2.8) M = { (x°,x): x° = it (re), x e 5 }, 
then the induced metric has the form 

(2.9) g,, (-" [ a, a, • a,, j 

where cr^ is evaluated at (it, x), and its inverse (g %3 ') = (<?y) _1 can be expressed 
as 

(2.10) g v < =e-^{o- ij + - — }, 

D V 

where (a lJ ) = (cjj) -1 and 

1 - a ij UiUj = 1 - \Du\ 2 . 

Hence, graph it is space- like if and only if \Du\ < 1. 
We also note that 

(2.12) v~ 2 = 1 + e^g^UiUj = 1 + e 2 ^\\Du\\ 2 . 
The covariant form of a normal vector of a graph looks like 

(2.13) {u a ) = ±v- 1 e^(l,-u i ). 
and the contravariant version is 



(2.11) 



(2.14) (v a ) =Tv~ 1 e- ,p (l,u i ). 

Thus, we have 
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Remark 2.1. Let M be space-like graph in a future oriented coordinate sys- 
tem. Then, the contravariant future directed normal vector has the form 

(2.15) (i/ a )=t>- 1 e _ *(l,« < ) 
and the past directed 

(2.16) {v a ) = -v- 1 e-^{l,u i ). 

In the Gaufi formula (2.2) we are free to choose the future or past directed 
normal, but we stipulate that we always use the past directed normal for 
reasons that we have explained in [15]. 

Look at the component a = in (2.2) and obtain in view of (2.16) 

(2.17) e-^v^hj = - Uij - rS u iUj - P^m - P° lUj - f*. 

Here, the covariant derivatives are taken with respect to the induced metric 
of M, and 



(2.18) -j^=e-^, 



where (hij) is the second fundamental form of the hypersurfaces {x° = const}. 
An easy calculation shows 



(2.19) hije * = - iMj, 

where the dot indicates differentiation with respect to a; . 

Next, let us analyze under which condition a space-like hypcrsurface M can 
be written as a graph over the Cauchy hypcrsurface Sq. 
We first need 

Definition 2.2. Let M be a closed, space-like hypersurface in N. Then, M 
is said to be achronal, if no two points in M can be connected by a future 
directed time-like curve. 

In [5] it is proved, see also [15, Proposition 2.5], 

Proposition 2.3. Let N be connected and globally hyperbolic. So C N a 
compact Cauchy hypersurface, and M C N a compact, connected space-like 
hypersurface of class C m ,m > 1. Then, M = graphit| So with u € C m (So) iff 
M is achronal. 
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Remark 2.4. The Mi are barriers for the pair (F, /). Let us point out that 
without loss of generality we may assume 

(2.20) F {M2 >f(x,v) Vi£M 2 , 
and 

(2.21) F| £ </(x,i/) VxeE, 

for let n <G C°°{Q) be a function with support in a small neighbourhood of 
Mi U M2 — the dot should indicate that the union is disjoint — such that 

(2-22) T} lMi > and V \ Ma < 

and define for 5 > 



(2.23) fs = f + Sv- 

Then, if we assume / to be strictly positive with a positive lower bound, we 
have for small S 



(2-24) /, > i/, 

and the Mi are barriers for (F, fs) satisfying the strict inequalities; since we 
shall derive C 4,a estimates independent of <5, we shall have proved the existence 
of a solution for / if we can prove it for fs. 



Lemma 2.5. Let Mi be barriers for (F, f) satisfying the strict inequalities 
(2.20) and (2.21), where F is supposed to be monotone and concave. Then, 
they are also barriers for the elliptic regularizations F e for small e. 

Proof. In view of Lemma 1.1, we know that r C -T e and H is positive in _T £ . 
Hence, M2 is certainly an upper barrier for (F e , f) because of the monotonicity 
of F. 

Let S e resp. S be the points in M\ where the principal curvatures belong 
to r e resp. r and assume that S ^ 0. Suppose Mi were not a lower barrier 
for (F e , f) for small e, then, there exist a sequence e — > and a corresponding 
convergent sequence x e £ S e , x e — > xq € S, such that 

(2.25) F e >f(x e ,v), 
and hence, 



(2.26) 



F>f{x ,v) 



PRESCRIBED SCALAR CURVATURE 



13 



contradicting (2.21). q.e.d. 



Remark 2.6. The condition (0.3) is reasonable as is evident from the Einstein 
equation 



where the energy-momentum tensor T a p is supposed to be positive semi- 
definite for time-like vectors (weak energy condition, cf. [19, p. 89]), and 
the relation 



for the scalar curvature of a space- like hypersurface; but it would be convenient 
for the approximations we have in mind, if the estimate in (0.3) would be valid 
for all time-like vectors. 

In fact, we may assume this without loss of generality: Let -d be a smooth real 
function such that 



then, we can replace / by $ o / and the new function satisfies our requirements 
for all time-like vectors. 

We therefore assume in the following that the relation (0.3) holds for all 
time- like vectors v £ T X (N) and all x £ Q. 

Sometimes, we need a Riemannian reference metric, e.g. if we want to 
estimate tensors. Since the Lorentzian metric can be expressed as 



(2.27) 



RafJ — 2^9aP — T a /3, 



(2.28) 



R = -[H 2 - h i:j h ij ] +R + 2R af3 v a v fi 



(2.29) 




(2.30) 



g a pdx 



dx 13 = e^{-dx° 2 + t,,, /.,•'</.,-•'} 



we define a Riemannian reference metric (g a p) by 



(2.31) 



~g a!i dx a dx fi = e^idx 02 + er^dxW} 



and we abbreviate the corresponding norm of a vectorfield rj by 



(2-32) UMII = (S^V) 172 , 

with similar notations for higher order tensors. 
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For a space- like hypersurface M = graph u the induced metrics with respect 
to {g a p) resp. (g a p) are related as follows 

g%j = g a px"x^ = e 2jp [uiUj + dij] 

(2.33) 

= gij + 2e 2 ^UiUj. 
Thus, if (£ l ) G T p (M) is a unit vector for (gij), then 

(2.34) g^e = l + 2eW\ Ui e\\ 
and we conclude for future reference 

Lemma 2.7. Let AI = graph u be a space-like hypersurface in N, p G M, and 
£ G T p (M) a unit vector, then 

(2.35) Hlafe* III <c(l + |wif|) <cS, 
where v = v^ 1 . 



3. An auxiliary curvature problem 

Solving the problem (0.2) involves two steps: first, proving a priori esti- 
mates, and secondly, applying a method to show the existence of a solution. 
In a general Lorentzian manifold the evolution method is the method of choice, 
but unfortunately, one cannot prove the necessary a priori estimates during the 
evolution when F is the scalar curvature operator. Both the C 1 and C 2 - esti- 
mates fail for general / = f(x,u). 

Therefore, we use the elliptic regularization and consider the existence prob- 
lem for the operators 

(3.1) F e (Ki) = F(Ki + eH), e>0, 

i.e. we solve 

(3-2) F e , M =/(!,!/). 

Then, we prove uniform C 2 ~ a - estimates for the approximating solutions 
M e , and finally, let e tend to zero. 

The F e — or some positive power of it — belong to a class of curvature func- 
tions F that satisfy the following condition (H): F G C 2 ' a {r) n C°(r), 
where r C R™ is an open cone containing I + , F is symmetric, monotone, 
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i.e. Fi > 0, homogeneous of degree 1, concave, vanishes on dT, and there 
exists e = eo(F) > such that 

(3.3) Fi>e J2 F k Vl<j<n. 

fc 

Furthermore, the set 

(3.4) A StK = { (m) er-.0<5< F{ Kl ), Kl < nVl <i <n} 
is compact. 

Remark 3.1. If the original curvature function F £ C 2 ' a (r) n C°(P) is con- 
cave, homogeneous of degree 1, and vanishes on dT, then, the F e are of class 
(H) in the cone r e , and satisfy (3.3) with eo = e. The set 

(3.5) A S , K = {(«*) e T £ : < S < F e (Ki), m < kVI <i <n} 

is compact for fixed e. 

If the parameters k and S are independent of e, then the As, K are contained 
in a compact subset of r uniformly in e, for small e, < e < £i(<5, k, -F). 

Proof. In view of the results in Lemma 1.3 we only have to prove the com- 
pactness of Ag iK . We shall also only consider the case when the estimates hold 
uniformly in e. 

Due to the concavity and homogeneity of F e we conclude from (1.28) that 

(3.6) FJni) < -F(l,...,l)(l + ne)H. 

n 

For (ftj) € As iK we, therefore, infer 

(3.7) 5 < F e («i) < -^!F(1, . . . , l)if < (1 + nc)F(l, . . . , l)/s, 

n 

and thus, 

(3.8) Hm e# = 0, 

e->0 

uniformly in vl^. 

Suppose Ag iK would not stay in a compact subset of r for small e, < e < 
ei(5, k, i 71 ). Then, there would exist a sequence e -* and a corresponding 
sequence S vI^k converging to a point (/tj) S dT, which is impossible in 
view of (3.7), (3.8), and the continuity of F in P. q.e.d. 



PRESCRIBED SCALAR CURVATURE 



16 



To prove the existence of hypersurfaces of prescribed curvature F for F G 
(H) we look at the evolution problem 

x = (F — f)v, 

(3.9) 

x(0) = x , 

where v is the past-directed normal of the flow hypersurfaces M(t), F the 
curvature evaluated at M(t), x = x(t) an embedding and xq an embedding of 
an initial hypersurface Mq, which we choose to be the upper barrier Mi- 

Since F is an elliptic operator, short-time existence, and hence, existence in 
a maximal time interval [0,T*) is guaranteed. If we are able to prove uniform 
a priori estimates in C 2,a , long-time existence and convergence to a stationary 
solution will follow immediately. 

But before we prove the a priori estimates, we want to show how the metric, 
the second fundamental form, and the normal vector of the hypersurfaces M(t) 
evolve. All time derivatives are total derivatives. The proofs are identical to 
those of the corresponding results in a Riemannian setting, cf. [9, Section 3] 
and [15, Section 4], and will be omitted. 

Lemma 3.2 (Evolution of the metric). The metric gtj of M(t) satisfies the 
evolution equation 

(3.10) g ij = 2(F-f)h ij . 

Lemma 3.3 (Evolution of the normal). The normal vector evolves according 
to 

(3.11) v = V M (F - f) = g v(F - f) iXj . 

Lemma 3.4 (Evolution of the second fundamental form). The second funda- 
mental form evolves according to 

(3.12) hi = (F- f)j -(F- f)h*h{ — (F — f)R aPlSV a x^x{g k ^ 
and 

(3.13) ha = (F — /) y - + (F — f )h k lh kl -{F- f)R a ^v a x^x]. 

Lemma 3.5 (Evolution of [F — /)). The term (F — /) evolves according to 
the equation 

(3.14) (F - /)' - F^(F - /) y = -FVh ik rf(F - f) - f a u a {F - f) 

- fv°x?(F - /Mr' - F^R a(il& v a x^x]{F - /), 
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From (3.9) we deduce with the help of the Ricci identities a parabolic equa- 
tion for the second fundamental form 

Lemma 3.6. The mixed tensor h\ satisfies the parabolic equation 

= -F kl h rk hlhl+fhth{ 

- Ux«49 kj - Uv a K - f av e(v?4h kj + *?4h k 9 lj ) 

- f^xfxlh^ - f vf >x{h\.Ji - f v <*v«h\h? k 
+ F kl ' rs h m h rs .? + 2F kl R afilS xl l x p l xlx s r hY l g ri 

- F R a {3j§x rn Xf ( .x'J.Xi g ^ F jRo^^Xj^x^x^x^ h ^ 

- F kl R a0y5 v a x k v^x 5 l hi + fR^^x^v'xtg^ 
+ F^R^sA^xlxIxtx^ + u a xfxlxiXi9 mJ }- 

The proof is identical to that of the corresponding result in the Riemannian 
case, cf. [9, Lemma 7.1 and Lemma 7.2]; the only difference is that / now also 
depends on v. 

Remark 3.7. In view of the maximum principle, we immediately deduce from 
(3.14) that the term (F — /) has a sign during the evolution if it has one at the 
beginning, i.e., if the starting hypcrsurface Mo is the upper barrier M2, then 
(F — /) is non-negative 

(3.16) F > f. 



4. Lower order estimates for the auxiliary solutions 

Since the two boundary components Mi, M2 of dfi are space- like, achronal 
hypersurfaces, they can be written as graphs over the Cauchy hypersurface So, 
Mi = graph Ui, i = 1,2, and we have 

(4.1) Ui < u 2 , 

for Mi should lie in the past of M2, and the enclosed domain is supposed to 
be connected. 

Let us look at the evolution equation (3.9) with initial hypersurface Mo 
equal to M2 defined on a maximal time interval / = [0,T*),T* < 00. Since 
the initial hypcrsurface is a graph over So, we can write 



(3.15) 



(4.2) 



M(i)= graph u(i)| Vie/, 
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where u is denned in the cylinder Qt* = I x Sq. We then deduce from (3.9), 
looking at the component a = 0, that w satisfies a parabolic equation of the 
form 

(4.3) u = -e-^v- 1 (F- /), 

where we use the notations in Section 2, and where we emphasize that the 
time derivative is a total derivative, i.e. 

,aa\ , du , 

(4.4) u= — +UiX % . 

at 

Since the past directed normal can be expressed as 

(4.5) K) = -e-^-VX), 
we conclude from (3.9), (4.3), and (4.4) 

(4.6) *jt = - e -4 v ( F - f). 

Thus, is non-positive in view of Remark 3.7. 

Next, let us state our first a priori estimate 

Lemma 4.1. Suppose that the boundary components act as barriers for (F, f), 
then the flow hypersurfaces stay in Q during the evolution. 



The proof is identical to that of the corresponding result in [15, Lemma 4.1]. 

For the C 1 - estimate the term v = u -1 is of great importance. It satisfies 
the following evolution equation 



Lemma 4.2 (Evolution of v). Consider the flow (3.9) in the distinguished 
coordinate system associated with Sq. Then, v satisfies the evolution equation 

-2F^h k j xfx l3 kVaP -F^r la ( 3 ^x]iy a 
- F^R a p l5 u a x P l xlx s J n t xig kl 
~ fi3xfx^n a g lk - f v0X Ph ik x?r) a , 

where rj is the covariant vector field (j] a ) = e^( — 1, 0, . . . , 0). 
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The proof uses the relation 
(4.8) v = Va u a 

and is identical to that of [15, Lemma 4.4] having in mind that presently / 
also depends on v. 

Lemma 4.3. Let M(t) = graph it(i) be the flow hyper surf aces, then, we have 
u - F ij Uij = e-*vf + r ° F ij u iUj 

where all covariant derivatives a taken with respect to the induced metric of 
the flow hyper surf aces, and the time derivative u is the total time derivative, 
i.e. it is given by (4.4). 

Proof. We use the relation (4.3) together with (2.17). q.e.d. 

As an immediate consequence we obtain 
Lemma 4.4. The composite function 

(4.10) tp = e" eXu 
where fi, A are constants, satisfies the equation 

if - F ij cpij =fe-^ifi\e Xu tp + F ij UiUj f ° ^Ae A > 

(4.11) + 2 /"',/,/,•;, /iAe Au <p + F ij r°- n\e Xu <p 

- [1 + //r A " f'-' //,-/, /iA 2 e Xu (p. 

Before we can prove the C 1 - estimates we need two more lemmata. 

Lemma 4.5. There is a constant c = c(i7) such that for any positive function 
< e = e(x) on S$ and any hypersurface M(t) of the flow we have 

(4.12) IIHH < cv, 

(4.13) g lj <cv 2 a lj , 

(4.14) F« <F u g H g ij , 
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(4.15) \F^h k jX ^ M \ < -F^h\h k fv + -FV 9ij v 3 , 

(4.16) \F i * Va i h x$x]v a \ < cv 3 F^g tJ: 
and 

(4.17) \F^R a ^ s iy a x^xlx s jVe xtg M \ < «T :i /"//,,. 

Proof, (i) The first three inequalities are obvious. 

(ii) (4.15) follows from the generalized Schwarz inequality combined with 
(4.13) and (4.14). 

(iii) (4.16) is a direct consequence of (4.13) and (4.14). 

(iv) The proof of (4.17) is a bit more complicated and uses the symmetry 
properties of the Ricmann curvature tensor. 

Let 

(4.18) Oij = R a yS u a x?xlx s j r] e x e l g kl . 
We shall show that the symmetrization of Oj 3 - satisfies 

(4.19) -cv 3 gij < i(a y + a jt ) < cv 3 g t j 

with a uniform constant c = c(/2), which in turn yields (4.17). 

Let p G M(t) be arbitrary, (x a ) be the special Gaussian coordinate of N, 
and (£*) local coordinates around p such that 



(4.20) 



Ui, a = 0, 
5%, a = k. 



We also note that all indices are raised with respect to g % i with the exception 
of the contravariant vector 



(4.21) u l = a lj u r 
We point out that 

(4.22) \\Duf = g lJ u lUj = e^Vcr^Uj, 

(4.23) v 2 = l + e^\\Duf, 

(4.24) (i/ a ) = -«(l ) fi < )e~* > 
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and 

(4.25) ^x\g u = -e*u k . 

First, let us observe that in view of (4.25) and the symmetry properties of 
the Ricmann curvature tensor we have 

(4.26) a. ljU j = 0. 

Next, we shall expand the right-hand side of (4.18) explicitly. 

aij = R t0jv\\Du\\ 2 + R 0ik ovujU k + R . lkj vu k 
+ Rwkovu k u l u i u : j + Rioo J vu l u l \\Du\\ 2 

(4.27) 

+ R mkj vu k u l Ui + R H0j vu l \\Du\\ 2 
+ Rnkovu k u l Uj + Ri ik3 vu k u l 

To prove the estimate (4.19), we may assume that Du ^ 0. Let e^, 1 < i < n 
be an orthonormal base of T p (M(t)) such that 

(4.28) 



Du 



then, for 2 < k < n, the e k are also orthonormal with respect to the metric 
e 2 ^<Jij , and it is also valid that 



IK 



(4.29) cry "V fe = V 2 < k < 

where = (e k ). 

For 2 < r, s < n we deduce from (4.27) 

dijelei = R i0jV\\Du\\ 2 e l r el + R ik 3 vu k e l r e J s 

(4.30) 

+ R mj vu l \\Du\\ 2 e l r el + R Hkj vu k u l e l r el 

and hence, 



(4.31) |<%4 e il < cv 3 V 2 < r, s < n. 

It remains to estimate a,ije\e 3 r for 2 < r < n, because of (4.26). 
We deduce from (4.27) 

(4.32) ayei4 = R 0i0j v\\Du\\ 2 v- 2 e{ei + R 0lkj v- 1 u k e\e 3 r , 
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where we used the symmetry properties of the Riemann curvature tensor. 
Hence, we conclude 



(4.33) Wij44\ < c v 2 V 2 < r < n, 
and the relation (4.19) is proved, q.e.d. 

Lemma 4.6. Let M C Q be a graph over Sq, M = graph it, and e = e(x\ 
function given in Sq, < e < \. Let if be defined through 

(4.34) ip = e^\ 

where < /i and A < 0. Then, there exists c = c(Q) such that 

2\F ij v i tp j \ < cF lJ g tj v 3 \\\iJie Xu ip + (1 - 2e)F^ h%h kj v(p 

(4.35) 1 

+ F i:) u i u i u 2 X 2 e 2Xu vip. 

Proof. Since v = r\ a v a , we have 

Vi = ^ aj 3V a x l3 i + rj a hiX% 

(4.36) 

= Vapv"^ ~ e^h^u k . 

Thus, we derive 

2\F ij Vi(pj\ = 2|F tJ u,u i ||A|/ie Al V 

(4.37) 

< c F 11 g ij v 3 1 A | ne Xu if + 2e^ | F^h* u k Uj \ | A | fxe Xu ip . 
The last term of the preceding inequality can be estimated by 

(4.38) (1 - 2e)F VJ h } lh k] vip + —^—v^e^WDufF^ u lUji i 2 A 2 e 2A > 
and we obtain the desired estimate in view of (4.23). q.e.d. 

Applying Lemma 4.5 to the evolution equation for v we conclude 
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Lemma 4.7. There exists a constant c = c(f2) such that for any function e, 
< e = e(x) < 1, defined on Sq the term v satisfies an evolution inequality of 
the form 

S - F ij va < -(1 - e)F ij h k i h kj v - fi laP v a v p 

(4.39) c 

+ -F ij 9ij v 3 + c\\\f4\v 2 + f^xfh^u^. 

We are now ready to prove the uniform boundedness of v. 

Proposition 4.8. Assume that there are positive constants Ci, 1 < i < 3, such 
that for any x G fl and any past directed time-like vector v there holds 

(4.40) -ci<f(x,v), 
(4-41) \\\Mx,u)\\\ <cs(l + |H||), 
and 

(4-42) \\\f v0 (x, <c 3 . 

Then, the term v remains uniformly bounded during the evolution 

(4.43) 5 < c= c(i?,ci,c 2 ,C3,e ), 

where eo is f/ie constant in (3.3). Here, and in the following, the reference 
that a constant depends on fl also means that it depends on the barriers and 
geometric quantities of the ambient space restricted to fl. 

Proof. We proceed similar as in [14, Proposition 3.7] and show that the func- 
tion 

(4.44) w = vip, 

ip as in (4.34), is uniformly bounded, if we choose 

(4.45) < n < 1 and A << -1, 

appropriately, and assume furthermore, without loss of generality, that u < — 1, 
for otherwise replace ii by (ii-c), c large, in the definition of ip. 

With the help of the lemmata 4.4, 4.6, and 4.7 we derive from the relation 

(4.46) w - F i] Wlj = [i- F t: >Vi 3 ]ip + [ip- F tj ip i3 ]v - 2F ij v i (p j 
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the parabolic inequality 

w - F^Wij < ( r J h';l n ,r,: + c[e _1 + \X\(ie Xu ]F i: > g l3 tf : ip 



[- — - l}F ij u i u j /j 1 2 \ 2 e 2Xu vcp 



1 

L l - 2e 

( 4 - 47 ) - F lJ u t u 3 ii\ 2 e Xu vip 

+ f[-V a pv a v + e- 4 ' n\e Xu v 2 }<p 
+ c\\\ff 3 \\\v 2 p + f v exfh kl u k e*V, 

where we have chosen the same function e = e(x) in Lemma 4.6 resp. Lemma 4.7. 

Setting e = e~ Au and using Lemma 2.7, the assumption (3.3), which can be 
rewritten as 

(4.48) F« >e F u g kl g ij , 

as well as the assumptions (4.40), (4.41), and (4.42), and observing, further- 
more, that in view of the concavity and homogeneity of F 

(4.49) F ij 9ij > F(l, . . . , 1) > 0, 
we conclude 

to - F lj w l0 < -^F ij h^h kj e- Xu v(p + c\\\(ie Xu F tj g^v 3 

( 4 - 50 ) + Y^—F^u iUj fJ, 2 X 2 e Xu v(p - F lj u lUj [i\ 2 e Xu v<p 

+ ccifj,\X\e Xu v 2 ip + cc 2 v 3 ip + cclcg 1 e Xu v 3 cp, 

where |A| is chosen so large that 

(4.51) e- Xu < \. 

Choosing, furthermore, 

(4-52) fi = l, 
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we see that the terms involving F lJ UiUj add up to a dominating negative 
quantity that can be estimated from above by 

(4.53) -^F^u iUj X 2 e Xu vip < -^F kl g kl \\Du\\ 2 \ 2 e Xu vp, 

in view of (4.48). 

||Du|| 2 is of the order v 2 for large v, hence, the parabolic maximum principle 
yields a uniform estimate for tu if [A| is chosen large enough, q.e.d. 



5. C 2 - ESTIMATES FOR THE AUXILIARY SOLUTIONS 



We want to prove that the principal curvatures of the flow hypcrsurfaccs 
are uniformly bounded. 

Proposition 5.1. Let M(t), < t < T* , be solutions of the evolution problem 
(3.9) with M(0) = M 2 , F € (H), and f G C 2 ' Q strictly positive, 



(5.1) < c < /. 

Then, the principal curvatures of the flow hyper surf aces are uniformly bounded 
provided the M(t) are uniformly space-like, i.e. uniform C 1 - estimates are 
valid. 



Proof. As we have already mentioned in Remark 3.7, we know that 

(5.2) < c < / < F 

during the evolution, thus, it is sufficient to estimate the principal curvatures 
from above. 

Let (p be defined by 

(5.3) (p = sup{ hijrfrf : ||?/|| = 1 }. 

We claim that ip is uniformly bounded. 

Let < T < T*, and x = x (t ), with < t < T, be a point in M(t ) 
such that 

(5.4) sup f < sup{ sup <p: < t <T} = tp(xo). 

M M(t) 
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We then introduce a Riemannian normal coordinate system at xq G 
M(to) such that at xq = a;(io,£o) we have 

(5.5) = Sij and ip = h™. 

Let fj = (fj 1 ) be the contravariant vector field defined by 

(5.6) 77= (0,..., 0,1), 
and set 



hijfj l fj 



( 5 - 7 ) ^ = ^J- 

tp is well defined in neighbourhood of (ioiCo)j and <y5 assumes its maximum 
at (io,£o)- Moreover, at (to, Co) we have 

(5.8) q> = K, 

and the spatial derivatives do also coincide; in short, at (toiCo) & satisfies the 
same differential equation (3.15) as /i™. For the sake of greater clarity, let us 
therefore treat /i™ like a scalar and pretend that ip = /i™. 

At (to, Co) we have y> > 0, and, in view of the maximum principle, we deduce 
from Lemma 3.6 

< -e Q F^ 9ij \A\ 2 h n n + f\h n n \ 2 + cF* : 9ij (h n n + 1) 

(5.9) 

+ c(l + \A\ 2 )(1 + f + \\\Df\\\ + \\\D 2 ■ 



where we used the concavity of F, the Codazzi equations, (4.48), and where 
(5.10) \A\ 2 = g ij h*h kj . 

Thus, ip is uniformly bounded in view of (4.49). q.e.d. 



6. Convergence to a stationary solution 



We shall show that the solution of the evolution problem (3.9) exists for all 
time, and that it converges to a stationary solution. 



Proposition 6.1. The solutions M(t) = graph u(t) of the evolution problem 
(3.9) with F € (Fl), and A/(0) = M% exist for all time and converge to a 
stationary solution provided f G C 2,a satisfies the conditions (4.41), (4.42), 
and (5.1). 
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Proof. Let us look at the scalar version of the flow as in (4.6) 



(6.1) — = -e-^v(F-f). 

This is a scalar parabolic differential equation defined on the cylinder 



(6.2) Q T . = [0,T*) xS 

with initial value u(0) = U2 £ C 4,Q (iSo). In view of the a priori estimates, 
which we have established in the preceding sections, we know that 



( 6 - 3 ) l<a, So < C 

and 

(6.4) F is uniformly elliptic in u 



independent of t due to the definition of the class (H). Thus, we can apply the 
known regularity results, see e.g. [20, Chapter 5.5], where even more general 
operators are considered, to conclude that uniform C 2 ' a -estimates are valid, 
leading further to uniform C 4, "-estimates due to the regularity results for linear 
operators. 

Therefore, the maximal time interval is unbounded, i.e. T* = oo. 

Now, integrating (6.1) with respect to t, and observing that the right-hand 
side is non-positive, yields 



(6.5) u(0,aO-u(t,ar)= f e~^v{F - f) > c [ (F - /), 

Jo Jo 

i.e., 

(6.6) / |F-/|<oo VxeSq. 
Jo 

Hence, for any x £ So there is a sequence tk — > oo such that (F — /) — > 0. 
On the other hand, u(-, x) is monotone decreasing and therefore 

(6.7) lim u(t, x) = u{x) 

t — >oo 

exists and is of class C 4 ' Q (<So) in view of the a priori estimates. We, finally, 
conclude that u is a stationary solution, and that 



(6.8) 



lim (F- /) = 0. 

t— »oo 
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An immediate consequence of the results we have proved so far — cf. es- 
pecially Lemma 2.5 and Remark 3.1 — is the following theorem which is of 
independent interest. 

Theorem 6.2. Let F G C 2,a (r) n C°(r) be a concave curvature function 
vanishing on dT and homogeneous of degree 1. Let f = f{x, v) of class C 2 a 
satisfy the conditions (4.41), (4.42), and (5.1), and suppose that the bound- 
ary components M, act as barriers for (F,f), then, there exists an admissible 
hypersurface M = graphu, u £ C 4,a (5o), solving 



(6-9) F e[M =f(x,v) 
for small e > 0. 



7. Stationary approximations 



We want to solve the equation 



(7-1) H 2lM =f(x,u), 

where / satisfies the conditions of Theorem 0.3. The curvature function F = 

i 

is concave and the elliptic regularization F e of class (H), cf. (3.1) and 
Remark 3.1. 

Thus, we would like to apply the preceding existence result to find hyper- 
surfaces M e c £2 such that 



(7.2) 



F r 



But, unfortunately, the derivatives fp grow quadratically in \\\v\\\ contrary 
to the assumption (4.41) in Proposition 4.8. 

Therefore, we define a smooth cut-off function 8 S C°°(R + ), < 8 < 2k, 
where k > fcg > 1 is to be determined later, by 



(7.3) 9(t) = 

such that 



t, < t < k, 
2k, 2k < t, 



(7.4) 



< 6 < 4, 
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and consider the problem 

(7-5) F e , Me = f(x,v), 

where for a space- like hypcrsurfacc M — graph u with past directed normal 
vector v as in (2.16), we set 

(7.6) v = 6{v)v~ 1 v 
and 

(7.7) f(x,u) = fi(x,D). 
Then, 



(7.8) \\\v\\\ < ck, 

so that the assumptions in Proposition 4.8 are certainly satisfied. 

The constant fco should be so large that v = v in case of the barriers Mi, 
i = 1,2. 

If we now start with the evolution equation 

(7.9) ± = {F e - />, 

then, the Mi are barriers for (F e ,f) for small e, cf. Lemma 2.5 and we conclude 

Lemma 7.1. The flow hyper surfaces M e (t) — graph u t stay in fl during the 
evolution if e is small < e < e{Q). 



Remark 7.2. When we consider the elliptic rcgularizations F e , we would like 
to generalize the meaning of admissible hypersurface by calling a hypcrsurfacc 
admissible if the tensor hij + eHgij is admissible, i.e. if its eigenvalues belong 

to r 2 . 



Next, let us consider the evolution equations for v and h\ which look slightly 
different: In (4.7) the term involving /„„ has to be replaced by 



(7.io) -hM^~ lv i + Miv- 1 ^ - ^-WKs' V 

But in view of (4.36), the additional terms do not cause any new problems 
in the proof of Proposition 4.8, and hence, the uniform C 1 - estimates are still 
valid for the modified evolution problem, where the estimates depend on k. 
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The C 2 - estimates in Section 5 remain valid, too, since the second derivatives 
°f /i fi j that occur on the right-hand side of (3.15), can be expressed as — we 
only consider the covariant form fa, no summation over i — 



(7.11) 



f a U a h tl - fpa&vfvl? - feaVgi, 



where 

(7.12) v? = Ov^vf + 6viV- x v a - Bv- 2 v lV a , 

(7.13) + 6v i v i v- 1 v a - 2Qv l v l v~ 2 v a + Q%nv- X v a 
+ 28v- 3 v t v t i> a - 6v- 2 v u i> a , 

and 

(7.14) vu = r] af3l xfx]v a + r) a pv a v & hn + 2j] aS3 x l3 i vf + 'q a vf. i . 

Hence, the result of Proposition 5.1 is still valid since no additional bad 
terms occur in inequality (5.9) as one easily checks, and since, furthermore, we 
also have 

(7.15) / < F e 

during the evolution, for the modified version of (3.14) now has the form 

(F e -f)' -F^F.-f)^ 

= -FVh ik h<](F e - /) - j> a (F £ - /) 

- fa^fo- 1 - ev- 2 ] w a v^{F t - /) 

(7-16) 

- [0V- 1 - ev- 2 }f DB ^r, a xf(F t - f) j9 *> 

- F^R^^x^x]^ - /). 
Here, we used the relation 

(7.17) i = Vaf3 x^ a + Va u a , 
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which follows immediately from (4.8), together with (3.9) and (3.11). 

The conclusions of Section 6 are therefore applicable leading to a solution 
of equation (7.5). 

8. C 1 - ESTIMATES FOR THE STATIONARY APPROXIMATIONS 

Consider the solutions M e = graph u e of equation (7.5), which at the mo- 
ment not only depend on e but also on k, the parameter of the cut-off function 
8, cf. (7.3). We shall prove that the hypersurfaces M e are uniformly space-like 
independent of e and k, or, equivalently, that there exists a constant mi such 
that 



where the parameter e is supposed to be small and k to be large, so that the 
barrier condition is satisfied. 

Lemma 8.1. Let u e be a solution of (7.5), then, the estimate (8.1) is valid 
uniformly in e and k. Hence, M e = graph u e is a solution of equation (7.2), if 
we choose k > 2m\. 

Proof. For arbitrary but fixed values of e and k, let us introduce the notation 
F for F e , where from now on through the rest of the article 



(8.1) 



5 = (1 - \Du e \ 2 )~2 < mi Ve,fc, 



(8.2) 



F = H 2 , 



and where / = fix, v) satisfies 



(8.3) 



< ci < f(x,v), 



(8.4) 



\\\Mx,u)\\\<c 2 (l 



+ 




and 



(8.5) 



IIUX^l <cs(l 



+ 



"III). 



for all x € Q and all past directed time-like vectors v 6 T X (JT). 
Thus, F is homogeneous of degree 2, and we recall that 



(8.6) 

and 

(8.7) 



f" ////" //'<\ 
pij = pij + e ( n _ + en)Hg lj , 
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where F u is evaluated at hij and F* 3 at (hij + eHgij). 

We also drop the index e, writing u for u e and M for M e , i.e. M solves the 
equation 

(8.8) F ]M = f(x,v). 

The C 1 - estimate will follow the arguments in the proof of Proposition 4.8, 
where at one point we shall introduce an additional observation especially 
suitable for the curvature function F = H 2 - 

Remark 8.2. The former parabolic equations and inequalities, (4.11), (4.39), 
and (4.47) can now be read as elliptic equations rcsp. inequalities by sim- 
ply assuming that the terms involved are time independent. Though, to be 
absolutely precise, one has to observe that the present curvature function is 
homogeneous of degree 2, which means that, whenever the term F — not deriva- 
tives of F — occurs explicitly in the equations or inequalities just mentioned, it 
has to be replaced by 2F because it was obtained as a result of Euler's formula 
for homogeneous functions of degree do 

(8.9) -/,,/• /•"'//,,. 

We mention it as a matter of fact only, since it doesn't affect the estimates 
at all. 

However, we have to be aware that / now depends on v instead of v, i.e. 
the elliptic version of inequality (4.47) now takes the form 

-F^Wij < -SF ij h^h kj vip + cp -1 + \X\fj,e Xu }F ij g i:i v 3 cp 
+ [3-^ - l]F^u lU ^ 2 X 2 e 2Xu v V 
( 8 - 10 ) - F i] u % u 3 ^\ 2 e Xu VLp 

+ 2f[- Va0 u a ^ + e-^fi\e Xu v 2 }^ + c|||/^|||«V 
+ foe V + V - 0rT 2 u i i/ / VeV 

Here, we used the notation 5 = S(x) for the small parameter in the Schwarz 
inequality instead of e, which has a different meaning in the present context, w 
is defined as in (4.44), where the parameters /z, A should satisfy the conditions 
in (4.45), and u is supposed to be less than —1. 
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We claim that w is uniformly bounded provided /i and A are chosen ap- 
propriately. Following the arguments in Section 4, we shall use the maximum 
principle and consider a point xq € M, where 

(8.11) w(xq) = supu>. 

M 

As before, we choose S = e~ Au . But the further conclusions are no longer 
valid, since we have a really bad term on the right-hand side of (8.10) that is 
of the order v A due to the assumption (8.4). 

The only possible good term which can balance it, is 

(8.12) -SF ij h^h kj vip. 

To exploit this term we use the fact that Dw(xq) = 0, or, cquivalently 

— Vi = fiXe Xu vUi 

(8 - 13) / * a 

= e^hfu k -ri a pu a x^, 

where the second equation follows from (4.8) and the definition of the covariant 
vectorfield rj = e^(-l, 0, . . . , 0). 

Next, we choose a coordinate system (£*) such that in the critical point 

(8.14) gij = S i:j and h* = KiSf, 
and the labelling of the principal curvatures corresponds to 

(8.15) Kl < K2 < • • • < n n - 

Then, we deduce from (8.13) 

(8.16) e^KiUi — fiXe Xu vui + r] a j3V a x^. 
Assume that v(xq) > 2, and let i = iq be an index such that 

(8.17) \u i0 \ 2 >-\\Du\\ 2 . 

n 

Setting (e l ) = and assuming without loss of generality that < Uid 1 in 
xq we infer from Lemma 2.7 

e^K io Uie l = fj,Xe Xu vuie l + r] a pv a x^e % 

(8.18) 

< fj,Xe Xu vUie z + cv 2 , 
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and we deduce further in view of (2.12) and (8.17) that 

(8.19) k 10 < [fj,Xe Xu + c]ve-^ < ^fiXe^ve^ , 

if |A| is sufficiently large, i.e. Ki is negative and of the same order as v. 
The Wcingarten equation and Lemma 2.7 yield 

(8.20) IlkMll = HlfcN^III < cv[h-u l h kl u l ]i, 
and therefore, we infer from (8.13) 

(8.21) + \\Wfu l \\\ < c^|A|e Au w 3 

in critical points of w, and hence, that in those points, the term involving f^p 
on the right-hand side of inequality (8.10) can be estimated from above by 

(8.22) \fo [Ov^v? + ^{T V - 0{r 2 u i z/]i/e ,/ V| < cfi\X\e Xu v 4 (p. 

Next, let us estimate the crucial term in (8.12). Using (8.7), the particular 
coordinate system (8.14), as well as the inequalities (8.15), together with the 
fact that Ki is negative, we conclude 



i K i 



-F^h k i h kj <-F i ^h k i h kj <-Y,F i 

i=l 

(8.23) 

io 

where we recall that the argument of F\ is the n- tupel with components 

(8.24) kj = Kj + eH 

and observe that in the present coordinate system 

dF 

^ * = 8k~- 

Let F = logF, then, F is concave, and therefore, we have in view of (8.15) 



(8.26) 



Fl>F%>---> F%, 
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cf. [G, Lemma 2], or equivalcntly, 

(8.27) Fl>F%>---> F£. 

Hence, we conclude 



la -. n 



(8.28) i=i n *=1 

1 n — 1 

= — (n - + enif] < H, 

n n 

where we also used (8.6) and (8.24). 

Combining (8.19), (8.23), (8.28), and the estimate (1.15), we deduce further 



r'h'inj < - -Ihr 



( 8 - 29 ) < -— -c \k- I 3 - ^-Hk 2 

< -a fi 3 \X\ 3 e 3Xu v 3 - ai Hfx 2 X 2 e 2Xu v 2 

with some positive constants ao = ao(n, fl) and a\ = ai(n, fi). 

Inserting this estimate, and the estimate in (8.22) in the elliptic inequality 
(8.10), with S = e~ Xu , we finally obtain 

-F ij Wij < -o /x 3 |A| 3 e 2Au u 4 ^ - aiHfj?\ 2 e Xu v s ip 

+ -^—F i iu i u ji x 2 \ 2 e Xu vip + c[l + \X\(i]He Xu v s ip 
(8.30) 1 - 2d 

- F»UiUjiJ,X 2 e Xu v(p + c[c 2 + c 3 /i|A|e AM ]wV 
+ 2f[c + e- i 'nXe Xu ]v 2 V . 

Choosing, now, fx = j and |A| large, the right-hand side of the preceding 
inequality is negative, contradicting the maximum principle, i.e. the maximum 
of w cannot occur at point where v > 2. Thus, the desired uniform estimate 
for w and, hence, v is proved, q.e.d. 



Let us close this section with an interesting observation that is an immediate 
consequence of the preceding proof, we have especially (8.23) and the first line 
of inequality (8.28) in mind, 
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Lemma 8.3. Let F £ C 2 {r) be a positive symmetric curvature function such 
that the partial derivatives Fi are positive and F = logF is concave. Suppose 
F is evaluated at a point and assume that component that is 

either negative or the smallest component of that particular n- tupel, then 



.31) £*i«?>±£*i«5, 

i=l i=l 



9. C - ESTIMATES FOR THE STATIONARY APPROXIMATIONS 

We want to prove uniform C 2 - estimates for admissible solutions M of 
(9-1) F ]M =f{x,v), 

where we use the notations and conventions of the preceding section. 

The starting point is an elliptic equation for the second fundamental form. 

Lemma 9.1. The tensor h\ satisfies the elliptic equation 

r n i;kl 

= -F kl h rk h\hl+2fh k l h{ 

- f«0X?49 kj - U» a K ~ f a „e(x?x k h h i + x?4h k g lj ) 

- f v « vS x?4h k i h l i - f vl 3x{h% «,« - f„«v a h k h{ 
+ F u,rs hu;ih rs P + 2F kl R a ^ s x^xlx s r hrg ri 

- F kl R a p 1& x« n xix1x\h™g T 3 - F kl R a wxl,x{xlx\h m i 

- F kl R aPl8 v a x{v^x\h\ + 2fR a ^ 5 v a x?is"<x s m g mj 

+ F kl R aPlS , t {v a xix]x^ m g^ + v a xfxlx s m xfg m i}. 

Proof. The elliptic equation can be immediately derived from the correspond- 
ing parabolic equation (3.15) by dropping the time-derivative, replacing F by 
F, and observing that the present curvature function is homogeneous of degree 
2, cf. Remark 8.2. q.e.d. 
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Contracting over the indices (i,j) in (9.2) we obtain a differential equation 
for H 

-F kl H M 

= -F kl h rk h r l H + 2f\A\ 2 

- f a px?x%g kl - f a v"H - 2f av exfx k h ki 

- f v ^x?4h k h H - f v ,{H k xl + |A|V) 

- R a ^ a x^g kl x]f v , + F kl > rs h kl;i h rs ; 

+ 2F kl R al3lS x^ n x P t xlx s r h , Pg n - 2F kl R a ^ s x^x p k x]x s l h ml 

- F kl R a py S v a x1vixfH + 2fR aP v a v f3 

+ F kl R a0lS . e {^ k x]x 5 i x% l g mi + v a xfxlx s m xfg mi }, 

where we also used the symmetry properties of the Riemann curvature tensor 
and the Codazzi equations at one point. 

Next, let us improve the estimate in Proposition 5.1. 

Lemma 9.2. Let M = graph u be an admissible solution of (9.1), then the 
principal curvatures of M satisfy the estimate 

(9.4) e\A\ 2 < const, 

where the constant depends on |||D/|||, |||D 2 /|||, the constant c\ in (8.3), and on 
known estimates of the C° and C 1 - norm of u. 

Proof. We argue as in the proof of Proposition 5.1 and define 

(9.5) if = sup{ hijrfrf : ||?/|| = 1 }. 

Let xq £ M be a point, where <p achieves its maximum, and assume without 
loss of generality that, after having introduced normal Ricmannian coordinates 
around xo, we may write tp = h™, cf. the corresponding arguments in the proof 
of Proposition 5.1. 

Applying the maximum principle in xq, we deduce from (9.2) the following 
inequality 

< -e(n - l)H\A\ 2 K + VK\ 2 + F kl > rs h kkn h rs n 

(9-6) 

+ c(l + Ip/m + IPVIIIXI + \A\ 2 ) + c(F« 9ij + /), 
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where we also used (8.7), the Weingarten and Codazzi equations, and the fact 
that the pair (x, v) stays in a compact subset of Q x C_(/2), where C_(J?) 
stands for the set of past directed time-like vectorfields in Q. 

Furthermore, we know that 

(9.7) r',,,, < cH, 

and 

F u ' rs h kl ;nK s n < p~ i F. n F n = r x ur 

(9.8) 

<cc^(l + \A\ 2 ), 

since logF is concave, cf. Lemma 1.3. 

Thus, we conclude that in Xq the following inequality is valid 

(9.9) 0< -e\A\ 4 + c(l + \A\ 2 ) 

with a known constant c, and the lemma is proved, q.e.d. 

The estimate (9.4) will play an important role in the final a priori estimate. 

Lemma 9.3. Let F = Hi, M = M n a Riemannian manifold with metric gij , 
hij a symmetric tensor field on M the eigenvalues of which belong to F^, and 
p G M an arbitrary point. Choose local coordinates around p such that the 
relations (8.14) and (8.15) are satisfied. Then, we have for 1 < j < n 

(9.10) 5>2 + 2^=|F/| 2 + 2^, 

(9.11) ^ K 2 + 2F<cF" K „, 
and 



(9-12) 




with c = c(n), F is evaluated at hij, and where we point out that the summation 
convention is not used. 
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Proof. Throughout the proof we shall use the ambivalent meaning of F as a 
function depending on Kj or on hij switching freely from one viewpoint to the 
other. 

(i) From the definition of F 

(9.13) F= l {H i-\Af), 
and (8.6) we conclude 



2F=(F/+ K ,) 2 -]T 
(9.14) 

= \Fj\ 3 + 2FjK i - y £^ 

which proves (9.10). 

(ii) If j = n, and thus n n the largest eigenvalue, then, we derive from (8.6) 

(9.15) F™ <H < n Kn , 

and (9.11) follows at once from (9.10). 

(iii) A simple algebraic transformation yields 



(9.16) 



and hence, 



F F ■ F- F 

£» + fJi (i _ £m = JX(fr - + «i) 

/■ ; // ///•; 



j(2^Kfc + K l ), 



HF 

nr 3 k^j 



(9 17) T\— + —(1 - — ) " < c^^Y k 



F-.4 



We, now, treat the cases j = n and j ^ n separately. 
If j = n, we apply (9.11) and (1.17) and conclude 
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(9.19) K%<6\Fj\ 2 , 
and deduce further 

(9.20) 2«?<8|i7| a , 

where apparently we only had to worry about the case < Kj. 
Thus, the right-hand side of (9.17) is estimated from above by 



(9.21) J F;jl 



H 2 

which in turn is less than 



\F -I 2 

(9.22) ci-gU 



q.e.d. 



Corollary 9.4. Let M be an admissible solution of (9.1) and p G M arbitrary. 
Choose local coordinates around p such that the relations (8.14) and (8.15) are 
valid. Then, for any 1 < j < n, the following inequality is valid in p 



(9.23) 



y|i + 4(l-S) 



< 



c\fj\ 2 r 



where we use the notation H 
convention. 



(1 + en)H , and do not apply the summation 



Proof. Let us recall the relation (8.7), which we can also express in the form 

(9.24) F ij = Hg ij - h lJ + eF rs g rs g l \ 

where 



(9.25) 



hij — hij + eHgij. 
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Consider each summand in (9.23) separately. We have 



4 + 4(i-^) 

F'i H FV 



-^—\H + Fi-F?\ 2 



B 2 \FlV 



3 



(9-26) /2 

in view of (9.24), i.e. we are exactly in the same situation as in the proof 
of Lemma 9.3 after the equation (9.16) with the following modifications: we 
replace hij, Ki and H by hij, ki resp. H and observe that F(hij) = f. q.e.d. 



Lemma 9.5. Let M be an admissible solution of equation (9.1) ; then, the 
estimate 



(9.27) F ijM h ij - r h kl J' + II F ! 11,11, < cf^WDff + ce\\DH\\ 2 + c 
is valid in every point, where the smallest principal curvature «i satisfies 

(9.28) max(-K 1 ,0) < - 1 H = e x H. 

2{n — 1) 

Proof. The proof is a modification of a similar result in [3, Sections 6.1.4 and 
6.1.5] or [4, Section 5.1.1]. 

It follows immediately from the definition of F that 

(9.29) F l ^ kl = <,'i„ H - i( 5 *V + 9 U 9 jk ) 
and 

F l ' M h t] , r h kl , s g rs = F'" u h, j: ,hu:.H r ~ 

(9.30) 

+ e[2(n - 1) + e(n - l)n]\\DH\\ 2 . 

In a fixed point p G M introduce normal Ricmannian coordinates such that 
the relations (8.14) and (8.15) are valid, and define the matrix (a kl ) through 



1, k + l, 
0, k = l. 



(9.31) a kl = 
We also set 

(9.32) hijk = hij-k 
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Then, we conclude from (9.29) 



F^ u h ijr h U s9 ra = \\DH\\ 2 - h l3k W k 

= y^^jhkkjhui — hkuhku) 



i,k,l 

(9.33) 



^a k \h kkl hiu - h 



Hi) 



E a kl h kk ihui - E E aklfl 

i I k,i 



2 

kli ' 



In the last summand let us interchange the roles of i and I to obtain 

( 9 - 34 ) -EE a ^ = -EE« feI ^. 

I k,i i k.l 

The Codazzi equations yield 

(9.35) hku = hku + Cku, 
where (c k u) is a uniformly bounded tensor in fl 

(9.36) ll|cfei/||| < const, 
and hence, 

(9.37) h\ a = h\ u + 2h m cku + c 2 kil 
and 

-EE aklh lu * - E E 2 E 

i k.l i k,l i,k,l 

(9.38) - - 2 EE afeI ^ ~ E h m 

i k [i,j,k] 

— 2 E akl hkiiCkii — 2 E akl hukCiki, 

i,k,l i,k 

where 5Zr» j fci means that the summation is carried out over those triples 
k) where all three indices are different from each other. 
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The first linear term in the last inequality can be estimated from above by 
—2 ^ a kl hkuCku = —2 a kl hkkiCkik — 2 ^ a kl hkuCku 

i,k,l i k i k^l 

(9.39) 

for any 6 > 0, and the second term similarly. Thus, we deduce from (9.33) and 
(9.38) 

F^ kl h ijr h kls g rs < -2(1 - S -)J2Y, aMh ™ 
(9.40) 1 k 



^a kl h k k t hm + c5 1 



for any < S < 1. 



Next, let us consider the second term on the left-hand side of (9.27); we 
have 



H~ 1 F ij HiHj = II I" 11,11, + H^F^HiHi 

1 + en 

(9.41) 

KH-^F*^ h kki? + ec\\DHf 

k 



where c = c(n), in view of (8.7), (9.25), and (1.15). 

Combining (9.40) and the preceding estimate, we conclude 



, 9 42) < -2(1 - f ) E E flfet/i ^ + E + 

^ ' ' i k i 

+ H- 1 J2 F U (Y1 h kki) 2 + ^\\DH\\ 2 . 



For each index i, let us estimate the corresponding summand separately, i.e. 
let us look at — no summation over i — 



(9.43) -(1 - |) £ a k ^hl kl + \a kl h kkl h Ul + -L**(E hki) 2 , 

Z k 1 2H fe 

where we have divided the terms by 2. 
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Denote by a sum where the index i is omitted during the summation, 
then, (9.43) can be expressed as 



(9.44) 



k<l 



2H V 



To replace ft.^ in the preceding expression we use the chain rule 



(9.45) 
to derive 

(9.46) 



fi — F-i F hkki 



Ha — ^—{fi — ^ F kk hkki)- 

k 



Inserting (9.46) in (9.44) we obtain, after some simple algebraic manipula- 
tions, cf. [3, equ. (36) on p. 78] or [4, equ. (17)], 



^ 2 — - J kk% — [pi Off\ pi 



kki 



(9.47) 



k<l 



'[Ft + Fi 



F' 



F' 



Ft 



1__5.1__4.1__J. 



_T v J? 



F 



fi . /i_ 

K< _f 



1-3 



hkkihiu 



2JT VE 



Let us write (9.47) as the sum of three expressions I± + 12 + iij, where 



(9.48) 

(9.49) 
and 

(9.50) 



'. = -f£''&.+£'[|H(i-t) 



'kki 



2h^f: 



k<l 



TFt + F} 



F! 



F l 
1 — =_- f 1 
H 



Fj 



F 

1 - -J- 



/>•/•/ 



hkkihlli 
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In view of (9.23) we can estimate I\ from above by 

(9.51) Ii^cS- 1 /- 1 ^ 2 . 
I2 is estimated by 

(9-52) 7 2 = * l/il^c/" 1 !/,! 2 , 

2B.Fl 

because of (1.17). 

Finally, we claim that ^3 < if we choose 5 = \. To verify this assertion, 
let us multiply I3 by 2HF* to obtain 

- 2(1 - 5)HPiY^h 2 kkl Yl^HFk -(H- Fl:) 2 }hi kl 

k k 

- 53 [2H{F* + Fj) - 2HFf - 2(Pf - F^F* - Fl)]h kkl h m . 

k<l 

Now, we use (8.7) and replace any Fj , 1 < j < n, by 

(9.54) F] + e(n - 1)(1 + en)Hg] = F] + e le H. 

The expression in (9.53) is then equal to the sum of two terms I4+I5, where 

h = -2(1 - 5)HF?£hl H ^2'[2HF]I (F? - F k k ) 2 ]h 2 kkt 

k k 

- £ [2H{F k + Ff) — 2HFI -2[F\- - Fl)]h kki h Uh 

k<l 

and 

(9.56) h = -2(1 - 5)He le HY^h 2 kkt - 2He 7e Hj2'h 

k k 



,2 



fc<; 



From the the binomial formula 
(9.57) (J2' h kkt) 2 = J2' h kki + ^hkkihm 



k<l 
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we infer that I5 < 0, while I4 is non-positive provided we choose S 



i and 



assume 



(9.58) 



max(— Ki, 0) < 



1 



2(n-l) 



H. 



cf. [3, pp. 81-85] or [4, pp. 23-29]. 

But the condition (9.58) is certainly satisfied in view of (9.28). 

Combining (9.30), (9.42), (9.51), and (9.52) gives (9.27), and thus, the 
Lemma is proved, q.e.d. 

From Lemma 9.2 and Lemma 9.5 we conclude 

Corollary 9.6. Let AI = graph u be an admissible solution of equation (9.1) 
in f2. Then, the estimate 



(9.59) F ij < kl h ij! rh k t..g T 'H- 1 + F y (log Mlogff), 

< cff" 1 /" 1 ll-D/ll 2 + cH- 1 \\D log H f + cH- 1 



is valid in every point p € M, where (9.28) is satisfied. The constant c depends 
on Q, HID/HI, |||D 2 /|||, the constant c\ in (8.3), and on known estimates of the 
C° and C 1 - norm of u. 

As we already mentioned we have to assume the existence of a strictly convex 
function \ g C 2 (/?), i.e. \ satisfies 

(9.60) Xa/3 > c g a p 

with a positive constant cq. 

We observe that then the restriction x = X\m to an admissible solution 
AI C f2 of (9.1) satisfies the elliptic inequality 



(9.61) 



F lj v x a x 13 



< -2Fx a v' 



c F lJ g lJ , 



where we used the homogeneity of F. 



We can now prove uniform C 2 - estimates. 



Theorem 9.7. Let M = graph it be an admissible solution of equation (9.1) in 
fl, where f satisfies the estimates (8.3), (8.4) and (8.5). Then, the principal 
curvatures of M are uniformly bounded. 
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Proof. Let x be the strictly convex function and [i a large positive constant. 
We shall prove that w = log H + fix is uniformly bounded from above. 

Let xq & M be such that 

(9.62) w(xq) = supu>, 

M 

and choose in xq a local coordinate system satisfying (8.14) and (8.15). Ap- 
plying the maximum principle, we conclude from (9.3) and (9.61) 

< -F kl h kr h\ + cFVgy + cfif - I'cJ-'ti,, 

(9.63) + c(l + / + HID/HI + |p 2 /lll)(l + H + HDlogfTH) 

+ r> u h,, :r h P: .<ru ; + /"Miug//!,;:,^//;,. 

where we also assumed H to be larger than 1. 
We now consider two cases. 
Case 1: Suppose that 

(9.64) M> ei ff= 1 H. 

2{n — 1) 

Then, we infer from Lemma 8.3 and (9.24) 

(9.65) -F kl h kr h\ < ff/s? < -—e\H 3 = -e 2 H 3 . 

n n 

Moreover, the concavity of log F implies 

F : ' u h, :u h P: .,rii ; < / : l // "/ ' w //, /; , /•'-//„,,// 1 

= f-^DffH- 1 

(9.66) 

<cr l lDf\f\A\ 2 H- 1 
<cf~^\DffH. 

Furthermore, Dw(xq) = 0, or, 

(9.67) Qo S H)i = -nx t . 

Inserting the last three relations in (9.63) we obtain 



(9.68) 



< -e 2 H 3 + c(l + H + fi) + cfi 2 H, 
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where, now, c depends on / and its derivatives in the ambient space. 
Hence, H, and therefore w, are a priori bounded in xq. 

Case 2: Suppose that 

(9.69) \Ki\<eiH. 

Then, Corollary 9.6 is applicable, and we infer from (9.63) and (9.67) 

(9.70) < c(l + H + /i + ^H- 1 ) + (c - nco^gij. 

Choosing now \i sufficiently large we obtain an a priori bound for H(xq), 
since 

(9.71) F ij 9ij > (n - l)H. 

Thus, w, or equivalently are uniformly bounded, q.e.d. 



10. Existence of a solution 

We can now demonstrate the final step in the proof of Theorem 0.3. Let 
M e = graphu e be the stationary approximations. In the preceding sections we 
have proved uniform estimates for u e up to the order two. Since, by assump- 
tion, / is strictly positive, the principal curvatures of M e stay in a compact 
subset of the cone for small e, cf. Remark 3.1, and therefore, the operator 
F is uniformly elliptic for those e. Taking the square root on both sides of 
equation (9.1) without changing the notation, we also know that F is concave. 

Hence the C 2 ' a - estimates of Evans and Krylov are applicable, cf. [7] and 
[20], and we deduce 

(10.1) Kka.So < const 

uniformly in e. If e tends to zero, a subsequence converges to a solution u £ 
C 2 ' a (iSo) of our problem. From the Schauder estimates we further conclude 
u e C^ a (S ). 
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